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Abstract. We introduce a Hopf algebroid associated to a proper Lie group action on a 
smooth manifold. We prove that the cyclic cohomology of this Hopf algebroid is equal to 
the de Rham cohomology of invariant differential forms. When the action is cocompact, we 
develop a generalized Hodge theory for the de Rham cohomology of invariant differential 
forms. We prove that every cyclic cohomology class of the Hopf algebroid is represented by 
a generalized harmonic form. This implies that the space of cyclic cohomology of the Hopf 
algebroid is finite dimensional. As an application of the techniques developed in this paper, 
we discuss properties of the Euler characteristic for a proper cocompact action. 



1. Introduction 

Let G be a Lie group, and M be a smooth manifold. We assume that G acts on M properly. 
As the G-action is proper, the quotient M/G is a Hausdorff stratified space. Some of the 
examples of such spaces are considered already in [H] . 

In this paper, inspired by Connes and Moscovici's Hopf cyclic theory [2], [3], we introduce 
a Hopf algebroid to study the "local symmetries" of this stratified space. 

Hopf algebroid was introduced by Lu in generalizing the notion of Hopf algebra. 
Connes and Moscovici [4J applied this concept to generalize that of symmetry of "noncommu- 
tative spaces". They developed a beautiful theory of cyclic cohomology for a Hopf algebroid, 
and used it to study the transverse index theory. 

Our Hopf algebroid associated to the G-action on M is a generalization of the Hopf alge- 
broid introduced in the first author's joint work with Kaminker [TJ. It is shown in [7J that 
if r is a discrete group acting on a smooth manifold M, the graded commutative algebra 
of differential forms on the action groupoid M xi V is a topological Hopf algebroid with the 
coalgebra and antipode structures defined by taking the dual of the groupoid structure. In 
the case of a Lie group G-action, instead of considering the algebra of differential forms on 
the groupoid M x G, we consider the algebra T~L(G, M) of differential form valued functions 
on G. The similar construction as in [7] defines a Hopf algebroid structure on this algebra. 

We are able to compute the cyclic cohomology of this Hopf algebroid, which is equal to the 
differentiable cohomology of the groupoid M xi G =4 M with coefficient in differential forms 
on M considered by Crainic [5]. As the G-action is proper, Crainic's result implies that the 
cyclic cohomology of the Hopf algebroid H(G,M) is equal to the de Rham cohomology of 
G-invariant differential forms on M. 

Our main result of this paper is to prove a "Hodge theorem" for G-invariant differential 
forms on M when the G-action is cocompact. Our approach to this generalized Hodge theory 
is inspired from the third author's joint work with Mathai [12]. Our strategy is to study 
a generalized de Rham Laplace-Beltrami operator on the space of G-invariant differential 
forms on M. With some elliptic estimates, we are able to prove that this operator has 
essentially the same properties as the standard Laplace-Beltrami operator on a compact 
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manifold. This allows to prove that every cyclic cohomology class of the Hopf algebroid is 
uniquely represented by a harmonic form of our generalized Laplace-Beltrami operator, which 
implies that the cyclic cohomology of our Hopf algebroid is finite dimensional. 

Theorem 1.1. Let G be a Lie group acting properly and cocompactly on a smooth manifold 
M. The cyclic cohomology groups ofH(G, M) are of finite dimension. 

The above result allows us to introduce the Euler characteristic for a proper cocompact 
action of a Lie group G as the alternating sum of the dimensions of the de Rham cohomology 
groups of G-invariant differential forms. We are able to generalize the following two classical 
results about Euler characteristic to the case of a proper cocompact G-action. 

(1) The Poincare duality theorem holds for twisted de Rham cohomology groups of G- 
invariant differential forms. In particular, when the dimension of M is odd, the Euler 
characteristic of a proper cocompact G-action on M is 0; 

(2) When there is a nowhere vanishing G-invariant vector field on M, the Euler charac- 
teristic of a proper cocompact G-action is also 0. 

The paper is organized as follows. In Section 2, we introduce the Hopf algebroid H(G, M) 
and compute its Hopf cyclic cohomology. In Section 3, we study a generalized Laplace- 
Beltrami operator, and prove that every Hopf cyclic cohomology class of H(G,M) can be 
uniquely represented by a generalized harmonic form. In Section 4, we introduce and study 
the Euler characteristic for a proper cocompact G-action. 

Acknowledgments: The work of the first author was partially supported by NSF grant 
0703775 and 0900985. The work of the second author was partially supported by NSF grant 
0903985. The work of the third author was partially supported by NNSFC and MOEC. The 
first author would like to thank Marius Crainic, Niels Nowalzig, and Hessel Posthuma for 
discussions about Hopf cyclic theory of Hopf algebroids. 

2. Cyclic cohomology of Hopf algebroids 

2.1. Hopf algebroids. In [11], Lu introduced the notion of a Hopf algebroid as a general- 
ization of a Hopf algebra. Connes and Moscovici [4j introduced cyclic cohomology for Hopf 
algebroids. Since then, many authors have studied cyclic theory for Hopf algebroids, e.g. 
[8]- [10]. Oriented by our application, we take the simplest approach for the definition of 
cyclic cohomology of a Hopf algebroid, c.f. [8], which is also close to Connes and Moscovici's 
original approach. We refer the interested readers to [9] and [10] for the beautiful systematic 
study of the general theory. 

Let A and B be unital topological algebras. A (topological) bialgebroid structure on A, 
over B, consists of the following data. 

i) A continuous algebra homomorphism a : B — > A called the source map and a con- 
tinuous algebra anti-homomorphism (3 : B — >■ A called the target map, satisfying 
a(a)/3(b) = f3(b)a(a), for all a,b £ A. 

In this paper, by tensor product (g) we always mean topological tensor product. Let 
A®bA be the quotient of A® A by the right A® A ideal generated by /3(a)®l— 1(8) a (a) 
for all a G A. 

ii) A continuous B-B bimodule map A : A — > A <S>b A, called the coproduct, satisfying 

(a) A(l) = 1®1; 

(b) (A® B Id)A = (Id® B A) A : A -»• A® B A® B A, 
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(c) A(a)(/3(6) <g> 1 - 1 ® a(6)) = 0, for a G A, 6 G 5, 

(d) A(aia 2 ) = A(ai)A(a 2 ), for ai,a 2 G A. 

iii) A continuous B-B bimodule map e : A — > B, called the counit, satisfying 

(a) e(l) = 1; 

(b) ker e is a left A ideal; 

(c) (e ® B Id)A = (Id®B e)A = Id : A -> A 

(d) For any a, a' G A, 5,6' G -B, e{a(b)fi(b')a) = be(a)b', and e(ao') = e(aa(e(a'))) = 
£ (a/3(e(a'))). 

A topological para Hopf algebroid is a topological bialgebroid A, over B, which admits a 
continuous algebra anti-isomorphism S : A — > A such that 

S 2 = Id, 5/3 = a, m A (S® B Id)A = /3eS : A -> A, 

and 

S(a (1) ) (1) « (2 > ® B S(a^)^ = l® B S(a). 

In the above formula we have used Sweedler's notation for the coproduct A(a) = ®bo' 2 '. 

We note that in the above definition one may allow A and B to be differential graded 
algebras and require all of the above maps to be compatible with the differentials and to be 
of degree 0. Thus one would have a differential graded (para) Hopf algebroid (cf. [6]). 

We remark that as is pointed out in [9j Sec. 2. 6. 13], with our definition any para Hopf 
algebroid is a Hopf algebroid as was used in [9] and pU]. Therefore, for simplicity, in the 
following, we will abbreviate "para Hopf algebroid" to "Hopf algebroid" . 

2.2. Hopf algebroid H(G,M). Let G be a Lie group acting on a smooth manifold M. 

Define B to be the algebra of differential forms on M, and A to be the algebra of B- 
valued functions on G. Both A and B are differential graded algebras with the de Rham 
differential. We fix the notation that for a group element g in G and a smooth function a on 
M, g*(a)(x) := a(gx). 

We define the source and target map a, (3 : B — > A as follows, 

(1) a(b)(g)=b, and /3(6)( 5 ) = g*(b). 

It is easy to check that a (and j3) is an algebra (anti) homomorphism. 

When we consider the projective tensor product, the space A 0b A is isomorphic to the 
space of -B-valued functions on G x G, i.e. 

(2) (<t>®Bl>)(gi,92) = 0(91)9*1(^(92)) 

for (f>, ip G A. We define the bimodule map A : A — > A<S>b Ahy 

(3) A(<t>)(gi,g 2 ) = (f>(gig2), 

and define the counit map e : A — > B by e(</>) = 0(1), for G A. 

It is straightforward to check that (A, B, a, j3, A, e) is a differential graded topological 
bialgebroid. 

To make (A, B, a, (3, A, e) into a Hopf algebroid, we define the antipode on A by 

(4) Smg)=g*^(g- 1 )). 

It is easy to check that S satisfies properties for an antipode of a para Hopf algebroid: 

. s(p(b))(9) = 9*(P(b)(9- 1 )) = sfto- 1 )*® = b. 

. (m A (S®Id)A)(cl>)(g) =g*c/>(l), (^-S)(0)( 5 ) = g*(S(<t>)(l)) = g*c/>(l). 
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• One computes that (S ® Id)A(a)(g\, g 2 ) = 9i* ( a ((9i)~ l 92)) ■ Therefore, one has 
(AS ®Id)A(a)(gi,g 2 ,g 3 ) = (9192)* "{aig^ 1 g{ A #3)) , 
S(aW)Wa^ ® B S(aU)W( 9l ,g 2 ) = ( 5 i<? 2 )* (afeV V)) 

= 91^92 i a (9 2 1 ))) = 1®B S(a)(gi,g 2 ). 
We denote this Hopf algebroid by *H(G,M). 

2.3. Cyclic Cohomology. In this part, we briefly recall the definition of the cyclic coho- 
mology of a Hopf algebroid. 

Let A be the cyclic category. We recall the cyclic module for (A, B, a, (3, A, e, S) intro- 
duced by Connes-Moscovici [3]. 

Define 

C° = B, C n = A® b A® b ---®bA, n> 1. 

V v ' 

n 

Faces and degeneracy operators are defined as follows: 



<5 i 


[a 1 ® B • • 


•®B a 11 ' 1 ) 


= U 


)b a 1 ( 


S)B---®B a n_1 ; 






Si( 


[a 1 ® B • • 


•®B « n_1 ) 


= 0* 


®B 


• ® B Aa ! ® B • • • 


®Ba n 1 , 


1 < i < n- 1 


5 n \ 


[a 1 ® B ■ ■ 


■®B a"" 1 ) 


= a 1 


®B •• 


• (8b a"" 1 ®b l; 






cr,( 


[a 1 ® B ■ ■ 


•®B a™ +1 ) 


= a* 


®fl •• 


• ®b a* ®B 


' X )®B a i+2 C 


?)b---®b a n+1 . 



The cyclic operators are given by 

r^a 1 ® r -« B a") = (A"- 1 5(a 1 ))(a 2 ® • • • a n ® 1). 
The cyclic cohomology of (.A, -B, a, /3, A, e, 5) is defined to be the cyclic cohomology of A\ 

2.4. Hopf cyclic cohomology of the Hopf algebroid H(G, M). In this section we explain 
the computation the Hopf cyclic cohomology of the Hopf algebroid H(G, M). 

We review briefly the definition of differentiable cohomology of a Lie group. Let G be 
a Lie group acting on a manifold M. Consider E a G-equivariant bundle on M. An E- 
valued differentiable p-cochain is a smooth map c mapping G xp to a smooth section of E, 
i.e. C p d (G]E) = C°°(G xp ;T(E)). The differential d on C^(G;E) is defined by 

p 

(dc)(gi,--- ,9 P +l) = 9*(c(g2,--- ,9 P +i)) + ^2(- 1 T c (9ir ■ ■ ,9i9i+l,--- ,9 P +l) 

i=l 

+ (-l)f+l C ( 5l) ... ,g p ). 

The differentiable cohomology H^(G\E) of G with coefficient E is defined to be the coho- 
mology of (C*(G; E),d). We remark that the space C'(G;E) has a structure of a cyclic 
simplicial space. We recall its definition below, 

{9l(a(92,'" ,9n+l)) i = 

o(ffi,-" ,9i9i+ir-- ,9n+i) l<i<n , 
,ffn) i = n + l 

and 

o~i(a)(9i, ■ ■ ■ ,9n) = a(- ■ ■ ,gi-i, l,g%, ■ ■ ■ ,g n ), 

and 

t(a)(gi, • • • ,9n) = (91 ■ ■ ■ 9n)*a((gig 2 ■ ■ -g n )~ ,gi, ■ ■ ■ ,g n -i)- 
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The cohomology of this simplicial complex C'(G,E) is isomorphic to the differentiable co- 
homology of G with coefficient in E. We are now ready to present the computation of Hopf 
cyclic cohomology of the Hopf algebroid %(G, M). 

Theorem 2.1. Let G be a Lie group acting on a smooth manifold. We have 

HC'(H(G,M)) = ® k > Q H- 2k (G; (fi*(M),d)). 

Proof: We observe that a p-cochain on T~L(G,M) can be identified with f2*(M)-valued 
functions on G xp , p > 0. This identification respects the cyclic simplicial structures on 
C°°(G X ', Q*(M)) and 7i(G)^- Therefore, we conclude that the Hochschild cohomology of 
H(G, M) is isomorphic to the differentiable cohomology H*(G; (0*(M), d)). By the SBI- 
sequence of cyclic cohomology, we have 

HC'(H(G, M)) = (B k > H- 2k (G; (fi* (AT), d)). □ 

Let Q*(M) G be the space of G-invariant differential forms on M, which inherits a natural 
de Rham differential d. By [5j Section 2.1, Prop 1], if G acts on M properly, then the 
differentiable cohomology H'(G; (0*(M),d)) is computed as follows, 

H'(G; (0*(M),d)) = H'(fl*(M) G ,d). 

Proposition 2.2. // G acts on M properly, then we have 

HC'(H(G,M)) = ® k > H- 2k (n*(Mf,d) 

and 

HP 9 (H(G,M)) = ® keIi H' +2k (n*(M) G ,d). 

3. Generalized Hodge theory and a Proof of Theorem 1.1 

Now we prove Theorem 1.1. According to Proposition 12.21 all we need to prove is: 
The cohomology groups H°(Q*(M) G ,d) are of finite dimension. 

We adapt the proof of the finite dimensionality of the de Rham cohomology of compact 
manifolds, (cf. [El Ch. 6]) 

Without loss of generality, as G acts on M properly, we may assume that M is endowed 
with a G-invariant metric. And since M/G is compact, there exists a compact subset Y of 
M such that G(Y) = \J gY = M (cf. [HI Lemma 2.3]). With the usual de Rham Hodge * 

geG 

operator, on fi*(M) we consider the following inner product 

(5) (a,/3) = / aA*/3. 

Jm 

As Y is a closed subset of M, there exist U, U' , two open subsets of M, such that Y C U 
and that the closures U and V are both compact in M, and that U C U'. It is easy to 
construct a smooth function / : M — > [0, 1] such that f\jj = 1 and Supp(/) C U'. 

Let T(Q*(M)) G be the subspace of G-invariant sections of Q*(M). For an open set W of 
M, define 

(6) \\ s \\wo= (s(x),s'(x))dx, INIw! = ||s||w,o + (A(a),s)w;o- 

Jw 

For any s G T(tt*(M)) G , 

( 7 ) \\ s \\u,o < \\fs\\o < \\s\\u',o- 
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As G(Y) = M, G(U) = M. Since U' is compact, there are finitely many elements g±, ■ ■ ■ ,gk 
of G such that giU U • • • U g^U covers U' . If s is a G-invariant section of 0*(Af), it is easy to 
see that there exists a positive constant C > 0, 

(8) \\s\\u',o<C\\s\\u,o- 

Let dg := dm{g) be the right invariant Haar measure on G. Define x '■ G — > M + by 
dm(g~ 1 ) = x(g)dm(g). We define Hj(M, 0*(M)) G to be the completion of the space {fs : 
s G T(Q*(M)) G } under the norm || • ||q associated to the inner product (0). As indicated in 
in the Appendix in [12] written by Bunke, we will first prove the following proposition. 

Proposition 3.1. For any [i G L 2 (M, fl*(M)), define 

(9) (i» (x) = I x(g)f(gxMgx) dg, 

{ A (x)) Jg 

where 

(10) A(x)= ^J G x(g)(f(gx)) 2 d g ' ' 

is a G-equivariant function on M, i.e. A(gx) 2 = x(g) 1 A(x) 2 , and is strictly positive. The 
operator Pf defines an orthogonal projection from L 2 (M,Q*(M)) onto H° f (M, tt*(M)) G . 

Proof. It is straightforward to check that A{x) is strictly positive and equivariant. In order 
to show that Q defines actually an orthogonal projection, we need to prove the following 
properties. 

• P| = Pf For any ^ G L 2 (M,n*(M)), 

( p f^ = 717% I ' x(g)f(gx)(P f v){gx)dg 



G 



{A{x)f 

(i(x)) 2 j G X ^^ 9x) ( (A(gx)) 2 J xQ').l'U'fl.r)ii(hgx)dh } dg 

fjx) I' x{g){f{gx)) 2 dg f f x{hg)f{hgxUhgx)d{hg) 

(A(x)Y J G (A(x)) 2 \J g 
f(x 



(A{x)) 2 

(11) = (P f ri(x 



X(hg)f(hgx)fi(hgx) d{hg) 



G 



P f is self-adjoint. For any li, v G L 2 (M,Q*(M)), 

f(x) 
>M {A{x)f j a 



f f(x) f 

(Pf/j,, u)o = / , y2 / x(g)f(gx)(lJ<(gx), v(x)) dgdx 



H<l >J ' ,] X (g)f(x')(Kx'),v(g- l x'))dgdx' (x' = gx) 



M J G {A{g-^x')r 



ji ' J) rfig^i^uig^x^dgdx' 



l M J G {A{x')f 

Jm Jg K a \ x )) 
(12) = (n,P f u)o. 

• it is also straightforward to check that for \i = fa G Hj(M, f2*(M)) G where a G 
Q*(M) G , P f n = li. 
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Define H}(M, VL*(M)) G to be the completion of {fs : s G T(tt*(M)) G } under a (fixed) first 
Sobolev norm associated to the inner product ©. And in general define H k f (M, Q*(M)) G 
(and TiJ 1 (M,n*(M)) G ) to be the completion of the space {fs : s G T(0*(M)) G } under 
the corresponding (and Hj 1 norm) for k > 2. (For any open subset of M, and any 



compactly supported smooth differential form s on W, \\s 
k > 2.) 

This time we investigate the operator 



|2 
\W,k 



(l + A) fc / 2 (s)|| 2 for 



d 



(13) 



fa h-> /da. 
H°: for a G T(^p(M)) g , /3 G T(OP +1 (M)) G , 



We also consider its adjoint d% : Hi — r xxy 

(14) (d/(/a), //3) = (fa, d}(f(3)) . 

For / G C°°(M), denote V(/) to be the gradient vector field associated to the riemannian 
metric on M. We can show easily that 

(15) (T f (fP) = P f (-2i vf p) + f6p, 

where 5 = (-l)"(H-i)+n+i * rf* : ^ +1 (M) -> ft p (M) and iya is the contraction of the form 
a with the vector field V. 

Now we define a self-adjoint operator 

(16) A = dfd* f + d* f df. 



Proposition 3.2. A : H 2 



/ 



is Fredholm. 



Proof. We will prove this fact by establishing a Garding type inequality. Let fa G H°, 
A(/a) 



(17) 

Now using 



d f (d* f (fa))+d* f (d f (fa)) 
d f (-P f (2i Vf a) + f5a) + d* f (fda) 
-d f (Pf(2i vf a)) + /d<5a - P f {2i Wf da) + fSda 
fAa - d f (Pf(2i Vf a)) - P f (2i vf da). 



), we have the following estimates: 



(18) 



d f (P f (2i Vf a))\\ Q 

f G x{g)f(gx)(i\7fa){gx)dg 



2f(x)d 



{A(x)f 



= 2 
< 2 



f J G X(g)dUyP\ (g*ivfa)dg + / J^x(g)^-Jfd (g*i Vf a) dg 

f J g x(g)d f {g*^f a ) d g 



+2 



o 



f J G X(g)^2~d(g*i Vf a) dg 



where 
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(20) 

As / has a compact support, 



/ / x(g) 
Jg 

f [ x(g) 
Jg 



f / x(g) 



A 2 

sTf 

A 2 
A 2 



\(g*i vf a)\ dg 
\g*(Vf)\\g*a\ dg 
|<f(V/)| dg\a(x) 



f [ X(9) 
Jg 



d 



£1 
A 2 



|5*(V/)| dg 



is finite and continuous everywhere, and therefore is bounded from above by a constant on 
U. Hence we have 



(21) 

Consider 
(22) 2 



g*f 



f / X{g)d I J (g*ivfa)dg 



CilHIt/^o < C 2 \\fa\\o. 



f 9* f 

f X{g)-T2d{g*i vf a) dg = 2 \\P f (d o i v(/) a)|| < 2||d o i V (/)"llo- 
A 



Notice that / is supported inside U' . We choose a cut-off function c which is 1 on the 
support of / and outside U" C U" C V. We have 

(23) ||doz v(/)Q; || = \\doi v{f) (ca)\\ u/j0 . 

We observe that doiy^s is a differential operator on f2*(M) of order 1. As ca is a compactly 
supported smooth function in U', we have 



(24) 



|doi v(/) (co;)||{7',o < C||ca||t/',i. 



We compute HcaHt/^i to be 



\ ca \\U',l 



\ca\\u' o+ < A(ca),ca >[// 



| j// + < d(ca),d(ca) >[// + < S(ca),S(ca) >jji 



(25) 



= ll c «ll!7',o + ll«( ca )llc/',o + ||<Kca)||[/',o- 

We discuss one by one the terms in the above equation. 
As c is bounded from above by 1, we have 

1 1 CCK 1 1 fj' , o < ||«||c/',o- 

As c and dc are both bounded, 

(26) || (i(co:) || c/', o = HrfcAa + cdallf//^ < 1 1 c?c A ck 1 1 ; o + II ctict 1 1 c/' , o < Ci || ck|| c', o + C2 ll^c^ll c/', - 
Similarly, as c and V(c) are compactly supported, they are both bounded. We have 

(27) ||(J(ca)||{7',o = IKv(c)a + c8a\\u',a < C 3 1 1 ct 1 1 c/' , + pa||i/',o- 

As G(U) = M and U' is compact, there are finitely many gi,--- ,gk such that U' C 
giU U • • • U gtU . As a, da, and 5a are all G-invariant, we have 

IMIt/',o < C4||a||[/ < C 4 ||/a|| 
\\da\\u',o <C 5 \\da\\u <C 5 \\d(fa)\\ 

(28) \\H\u',o <C 6 \\5a\\u < C 6 ||<S(/a)|| . 
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x{9)-^d{g*i^fa) dg 



<^||/«||i- 
o 



Similarly, 



(29) ||P / (2i V /da)|| ^ 2 \\i vf da\\ < C 7 \\da\\u',o < C * IK/«)llo < B \\f<*h- 
By combining these inequalities, we have 

||A(/a)||o > ||/Aa||o-||d/(P/(2i V /a))||o- \\Pf(2i vf d a )\\ 
> ||/Aa|| -(A + B)||/a||i 

(30) > ||Aa|| u>0 -S||/a||i. 

By the standard elliptic inequality, we have that 

(31) HAallt/,0 > J[[|a[|t7,2 - #||a||c/,o- 
By definition, we have 

(32) = ||/a||g + 2||(d + S)(fa)\\ 2 + \\(d + 5) 2 (fa)\\l 
We compute 

(d + 5) 2 (fa) = (d + 5)(df Aa + fda-i v ^a + fS(a)) 

= 6(df A a) — + fdda — d(iytf\a) + df A 5(a) + fdSa 

(33) = /A(q) + 6(df A a) — i-ytf\da — d(iytf\a) + df A 5(a). 

We notice that 5(df Aa), i^^da, d(iyrf\a), and df f\5(a) are all differential operators on 
a of order less than or equal to 1. So similar estimates as (|23p - (|28p show that every piece of 
them is bounded by a multiple of ||/a||i. 

We prove by the similar arguments as (|28p that 

(34) [|/Aa||o < ||Aa||j7',o < ^lHAaH^o < £>i|Mlt/,2- 
By (P}-©, we have 

||a||c/,2 > £>2||/a||2 - -D3||/a||i- 
With the above estimate, from f|30[) and (|3ip . we have 

||A(/a)||o>L'3||/a|| 2 - J D4||/a||i. 
By the so-called Peter-Paul Inequality, we have 

(35) ||/a||i < ^D 3 /D4fa\\ 2 + D 5 \\fa\\ . 
In summary, we have 

(36) I|A(/q)|| ^ ^D 3 \\fa\\ 2 - As||/a||o. 

Due to the fact that the embedding of H 2 (M, Q*(M)) G in H°(M,fT(M)) G is compact, the 
above Garding type inequality implies that A is Fredholm. □ 



Corollary 3.3. dim(ker A) = dim(coker A) < +oo. 

[2 

v- 



Lemma 3.4. ker A = (Im A) 1 - n H 2 f . 
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Proof. We have 



fa G (ImA) x nH] 



& (A(//3), /a) = 0, 

O V//3 G Hj , <//3, A(/a)) = 0. 



As Hj is dense in H°, so A(/a) = 0, which is equivalent to fa G ker A. 



□ 



This lemma together with the previous Corollary 13.31 implies that 

(37) kerA = (ImA) ± , 
i.e., we have the decomposition 

(38) H^ = kerA0lmA. 

Therefore, we can define the projection H : — > ker A. Let fa G H^, then fa — H(fa) G 
ImA. So there is a unique f/3 G ImA such that 

A(ff3) = fa-H(fa). 

We define in this way the Green operator (3 : fa \— > ff3. 

We will need the following propositions to explore the properties of the Green operator. 

Proposition 3.5. Let {fa n } be a sequence of smooth p-forms in H^(M, J7*(M)) G such that 

\\fct n \\o ^ c and ||A(/a n )||o ^ c for all n and for some constant c > 0. Then it has a Cauchy 
subsequence. 

Proof. We prove that fa n is a bounded sequence in H}(M,ft*(M)) G . Then we conclude the 
proposition by the fact that (M, ft*(M)) G is compactly embedded in H°JM, Q*(M)) G . 
We have the following estimates. 

Il/«n||i = ||/an|lo + (A(/a n ),/a n ) . 
By the Cauchy-Schwarz inequality, we have 

(A(fa n ),fa n } < ||A(/a n )|| ||/a„||o- 
By Inequality (f36l) . we have that 

||A(/a n )|| Q < \\fa n \\ 2 < A||A(/a n )|| + B\\fa n \\ <(A + B)c. 
Therefore, ||/a n ||i is bounded by cy/ A + B + 1. □ 

Now we prove the regularity for A: 
Proposition 3.6. If f/3 is B. k f (M, Q*(M)) G and 

(39) A(fa) = fp 

on M, then fa is Hj +2 (M, £l*(M)) G for any k > 0. In particular, if f/3 is a smooth 
differential form, so is fa. 
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Proof. As f is smooth and compactly supported, it is sufficient to prove the differentiability 
of a. This is a local statement. As a and f3 are both G-invariant and G{U) = M, we can 
restrict our analysis to U. 
By (HZD and ©, 



A(/a) = fAa-df(P f (2i Vf a))-Pf(2ivfda) 

= fAa - d f ^2/ x(g)^g* («v/«) dg 



(40) -2/ J^ x (g) 9 -^lg*(i Wf da) dg. 

As a is G-invariant (so is da) , we can find two G-invariant smooth vector fields V\ , V2 (which 
depend only on /) such that 

(41) A(fa) = fAa + fd(i Vl a) + fiy 2 da. 
Notice that on U, f = 1. Hence Equation (|4ip implies that on U 

(42) (3 = Aa + d^^a) + iy 2 da. 

The last two terms are of lower order, so the regularity of A is implied by that of A, the 
usual Laplace-Beltrami operator on M. □ 

The Green operator has the following properties: 

1° (5 is bounded. To this end we need to prove the existence of a constant c > such 
that for any f/3 £ ImA, 

(43) ||//3||o<c||A(//3)|| . 

Suppose the contrary, then there exists a sequence f(3j E ImA with 

(44) ll//3illo = l and ||A(/^-)l|o 0. 

By Proposition 13.51 {f/3j} has a Cauchy subsequence, which one can assume to be 
{//3j} itself without loss of generality. Hence lim (f/3j, fip)o exists for each fip 6 

Hj(M, f2*(M)) G . It defines a linear functional / which is clearly bounded, and 



(45) l(Mff)) = I™ (/ft, A(jV)) = lim <A(/&), Mo = 0. 

We obtain the existence of //3 G (ImA)- 1 - = ker A such that 

(46) W) = </£Mo, with //3,^//3 in H°(M, 0*(M)) G . 

From Equation (|45|) . we know that //3 is a weak solution of A(£) = 0. It follows from 
Proposition 13.61 that f/3 is actually smooth and a strong solution of A(£) = 0. Now 
as ||//3j||o = 1 and f/3j £ ImA, it follows that ||//3||o = 1 and f/3 S ImA. Hence, 
f/3 6 ImA n Im A -1- = {0}, which yields a contradiction. 
2° (5 is self-adjoint. In fact, 

(&(fa), f/3) = (©(/a), f/3 - H(f(3)) = (©(/a), A(6(//3))> 

(47) = (A(<S(/a)), 6(//3)) = (/a - #(/«), <3(//3)) = (/a, «5(//3)) . 

3° G maps a bounded sequence into one with Cauchy subsequences, due to the fact that 
the embedding of into H 1 } is compact. 
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Moreover, we have 

Proposition 3.7. The Green operator <5 commutes with any linear operator that commutes 
with A. 

Proof. Suppose that T : fT(M,W(M)) G -> fV(M, n q (M)) G commutes with A. Let tt p 
denote the projection of H°(M, fP(M)) G onto ker A. By definition, on B° f (M, n p (M)) G , 



(48) ©=(A 



Im A 



-1 



O TT p . 



Now TA = AT implies that T(ker A) C ker A; and T(ImA) C ImA. Hence 

(49) T O TTp = TT p o T. 

On the other hand, 



To A 



ImA 



(50) = (A 

So on ImA, 



T O A O (1 — TTp) 

A O T O (1 — TTp) = A O (1 — TTp) O T 

oT. 



(51) To A 



ImA 



ImA 



-1 



ImA 



-1 



oT. 



an 



a is a 



Therefore commutes with T. □ 
Finally we have 

Proposition 3.8. Let $j*(M) G denote the kernel of the operator A. The map H induces 
isomorphism H : HP(9,*(M) G , d) S)*(M) G . 

Remark 3.9. We remark that every element in S)*(M) G is of the form fa, where 
G-invariant closed form. For fa G Sj*(M) G , as A(fa) = 0, 

= (A(fa),fa) = (df(fa), d f (fa)) + (d}(fa),d}(fa)) . 

We conclude that df(fa) = fda = and d*j{fa) = 0. As a is G-invariant, we conclude that 
da = 0. 

Proof. Let a be a G-invariant smooth closed p-form on M. Consider fa G Hj(M, Q P (M)) G . 
As da = 0, dj(fa) = 0. We have the following decomposition ([38]) . 

(52) fa = dfd* f &(fa) + d}d f <5(fa) + H{fa). 
Since df commutes with A, it commutes also with (25, so 

(53) fa = d f d* f e{fa) + d}®(d f (fa)) + H(fa). 
Thus if fa is closed for df (i.e., da = 0), then 

(54) fa = d f d}<5{fa)+H(fa). 

We define H(a) to be H(fa). 
If a = df3, then we have 

df(fP) = fa. 
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As the Green operator (5 commutes with dj, we have dfdf&(df(f/3)) = dfd%df(&(f j3)) = 
d f (d*d f + dfd* f )<S(fP) = d f (A®(f/3)) = d f (ffi - H(f{3)). Notice that elements in ker A are 
<iy-closed. So we have dfd*j&(fa) = dj(ff3) = fa, which shows that H(fa) = 0. This means 
that H is a well-defined map from H P (Q.*(M) G , d) to ft*{M) G . 

If H(fa) = 0, then by Equation (f54l) . we have fa = dfd*j&(fa). By Proposition 13.61 we 
can write d*j&(fa) = ff3 for a G-invariant smooth form /3. Then fa = fd(3, and a = d/3. 
This implies that H is injective. 

By the regularity property for A (Proposition 13. 6j h elements in Sj*(M) G are all smooth. 
Furthermore, all elements in ker A vanish under df. So every element in fy*{M) G can be 
written as fa, where a is a G-invariant smooth closed form. As the image of fa G ker A 
under H is fa, we conclude that H is onto. 

□ 

Theorem 1.1 is a corollary of Proposition 12. 2| 13. 2| and 13.81 

4. Euler Characteristic of a Proper Cocompact Action 

The finite dimensionality of the de Rham cohomology groups of G-invariant differential 
forms allows us to define the Euler characteristic of such a proper cocompact G-action: 

n 

(55) X(M;G) := £(-1)' dim^(^(M) G , d). 

i=0 

Our main result in this section is the following 

Theorem 4.1. Let M be a n- dimensional manifold on which a Lie group G acts properly 
and cocompactly. 

(i) We consider a family of twisted G-invariant de Rham differential operators defined 
on Q*(M) G : 

(56) d A ,k(a) = A~ k d(A k a) = (d + kA' 1 dAA)a, such that d 2 Ak = 0. 

Define the twisted cohomlogies of G-invariant differential forms on M to be the coho- 
mology of the differential d A ,k, which is denoted by H p,k {Q*(M) G ; d). The cohomology 
group H p,k (U* (M) G ; d) is finite dimensional. 

(ii) The Poincare duality theorem holds for k = 1, there is a non- degenerate pairing 
between HP' 1 (n*(M) G ;d) and H n ~ p > l (VL*(M) G ;d). As a corollary, when n is odd, the 
Euler characteristic x{M; G) of the proper cocompact G-action on M is 0; 

(Hi) When there is a nowhere vanishing G-invariant vector field on M, the Euler charac- 
teristic of the G-action on M is 0. 

We remark that by Proposition 13.11 A~ 1 dA = dlog(A) is G-invariant. Therefore d Aj k is 
well-defined on Q*(M) G . 

Proof. Our proof of statement (i) is a copy of the proof of Theorem [TTTJ We define an operator 
df,A,k on Hj generalizing (fl3|) by 

df,A,k(fa) = fA- k d{A k a) = f(d + kA- 1 dAA)a. 
We compute the adjoint of d/,A,fc- F° r a an d /3 two G-invariant differential forms: 
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Pf(2iy f a)(x) = ( A( I x(g)f(gx)2i^ f g*(a)(x)dg 



G 



(d*f, A ,k(f a )> f®° = </»' d f,A,k(fP)h = {fa, fA~ k d(A h f3)) 
= (f 2 A~ k a, d(A k (3)) Q = (5(f 2 A- k a), A k f3) 
= (f 2 A- k 5a - A~ k 2fi Vf a - f 2 {-k)A~ k - l i VA a, A k p) 
= (fSa - 2i Vf a + kfA~hy A a, f(3) 
= {f5a - P f (2i vf a) + kfA~ l i VA a, f/3) , 
and the G-invariance of a implies that 

(A( x )y 

= (A(x)) 2 YSGx{gpf{9x)Vf{gx)dg a ) ( x ) 
= (A(x)) 2 VV(l G x(g)(f(9x)) 2 dg) a ) (*) 

= {A{x)) 2 ^^ a ) ( x > 

(57) = (fA- 2 i VA2 a)(x) = 2(fA- l i VA a)(x). 

Hence 

(58) d* ftA>k (fa) = f(5 + (k — 2)A~ 1 i WA )a. 
Now we define an operator from to H^: 

(59) A k = df^ k d*j Ak + d*f Ak df^ k . 

The analogues of Propositions I3.2ll3.8l for cohomology H p,k (Q* (M) G ; d) and A k in the Section 
[3]easily generalize. Therefore any class in H p,k (Q*(M) G ; d) has a unique generalized harmonic 
form representative fa, i.e. 

(60) d fjA>k (fa) = d} 7A>k (fa) = 0. 

This proves that the dimension of H p,k (Q* (M) G ; d) is finite dimensional for any p, k. 

For statement (ii), we prove that the pairing between B.l(M, 1F(M)) G and U 2 f (M, n n - p (M)) G 
induces a non-degenerate pairing on the space of generalized harmonic forms of Ai, i.e. 



(61) (fa,f(3) := / fa A f(3. 

J M 

We prove that the Hodge star operator * defines an isomorphism between the space of gener- 
alized harmonic p-forms to the space of generalized harmonic (n — p)-forms for the operator 
Ai, which implies that the non-degeneracy of the pairing (j61[) . 

We prove that Ai* = *Ai, which implies that the Hodge star operator * defines an 
isomorphism between the generalized harmonic forms. 

Using the following group of equations, where a is a G-invariant p-form, 

5a = (-l) np+n+1 * d * a, 
**a = (-ly^-tia, 
i V A*(*a) = { — l) n ~ p * (dA A *a), 
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we can check that 

d f * (fa) = (-If * fSa 
f(5*a) = (-l) p+1 *fda 
fi VA *a = (-l) p *(dAAa) 
fdA A (*a) = (-l) p+1 * (i V A«). 
Combining the above equations, we have 

df,A,i(*f a ) = (-!) P * d} <A1 (f a ), d* f)A1 (*fa) = (-l) p+1 * d/ A i(/a). 

In particular, we have 

(62) * Ai = Ai * . 



Equation (162|) shows that the Hodge star operator commutes with the generalized Laplace 
operator A\. Therefore, the Hodge star operator * defines an isomorphism between the 
kernels of Ai on H 2 f (M,QP(M)) G and U 2 f (M, n n " p (M)) G . Hence we have the Poincare 
duality for the cohomology groups H p,1 (Q*(M) G ;d): 

(63) H?' 1 (Q* (M) G ; d) H"-*' 1 (ST (M) G ; df . 

For the statement about the Euler characteristic, we first notice that x{M; G) is the index 
of the following Fredholm operator 

(64) d f + d* f : n° f (M, Q cvcn (M)) G -> H° f {M, Q odd (M)f. 

Since {df : A,k + d*j A k } is a continuous family of Fredholm operators with respect to fee R, 
their indices are all same. This implies that 

X (M;G) = index(d /Afc + 4 Afe :H°(M,O even (M)) G ^H0(M,^ odd (M)) G ) 

n 

(65) = ^2(-iydimH p ' k {n*(M) G , d). 

i=0 

When the dimension n of the manifold M is odd, the Poincare duality for H P,1 (Q*(M) , d) 
implies x(M; G) = 0. Statement (ii) is thus proved. 

/ 

Remark 4.2. When the Lie group G is unimodular, then by replacing f by —, one can make 

all the differential operators dj^,k as well as the cohomology groups H p,k independent of k, 
therefore we have actually the Poincare duality for H P (Q*(M) G ; d). 

Now statement (iii), we suppose that there is a nowhere vanishing vector field V on M. 
Without loss of generality, we may assume that \V\ = 1 everywhere on M. We assume that 
{ej} is an orthonormal basis of TM, and V™ the Levi-Civita connection of the G-invariant 
Riemannian metric. 

Following [T|, we calculate (cf. [HI p. 73]) 

c(V)(d f + d* f )c(V){fa) = f(c(V)(d + 5)c(V)a-2A- 1 c(V)i VA (c(V)a)) 

n 

= f( K -{d + 5)a + c(V)Y,c{e l )c{V T e M V)a 

i=l 

-2A~ l (V* A +i v ){V(A)a - V* A i^ A a + isiAWa, 
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= /(- (d + 5)a + c(V)Y,c(e l )c(Vl M V)a 

i=i 

+2A~ 1 i VA a - 2A- 1 (V(A)c(V)a + c{V)i VA i v a)j 

n 

= -{d f + d)){fa) + f(c{V)Y J c{e l )c{V T e M V)a 

i=l 

(66) -2A" 1 (V(A)c(V)a + c(V )i VA i v «)) • 

In the above formula, c(v ) and c(V) are the Clifford operators of the vector field V on the 
space Q odd and il cven . More explicitly, if V* is the 1-form dual to the vector field V with 
respect to the riemannian metric, 

c(V)(a) = V* A a - i v a, c(V)(a) = V* A a + i v a, a G fT(M). 

The above computation (f66|) shows that the difference between c(V)(df + dj)c(V) and 
— (d/ + d*j) is an operator of order 0. Proposition 13.21 generalizes directly to this oper- 
ator and states that c(V)(d f + d* f )c(V) is a Fredholm operator from U° f (M,n odd (M)) G to 
H° f (M, n even (M)) G . Furthermore, as the difference between c(V)(d f +d* f )c(V) and -(d f +d* f ) 
has an order less than the order of — {df + d%), one can also prove that the operator 

-(d f + d* f ) + e(c(V)(d f + d* f )c(V) + [df + d* f )) : Hj(M, ft odd (M)) G — > H?(M, fi evcn (M)) G 

is a Fredholm operator for any e6l, 

By the stability of index of Fredholm operators, we have 

X(M;G) = mdex(df + d}:Hf , {M,n even {M)) G ^Hf{M,fl odd {M)) G ) 

= mdex(c(V)(d f + d})c(V) : Hj(M, n odd (M)) G -> Hj(M, fi cvon (M)) G ) 
= index(— ((ij + cf£) + lower order terms : 

Hj(M, O odd (M)) G -»• H}(M, ^ evon (M)) G ) 
= index(-(d / + d)) : Hj(M, O odd (M)) G -> Hj(M, O even (M)) G ) 

(67) = - X (M;G). 

We conclude that x(M; G) = 0. 

□ 
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